by appealing to the prime number theorem for arithmetic progressions and more generally the Chebotarev density theorem. We further interpret this limit as the number of orbits of Gal(F(A[n])/F) acting on k copies of A[n] by another application of the Chebotarev density theorem. These concrete examples suggest a possible approach for determining the number of orbits of a group acting on k copies of a set. More precisely, we study the number of orbits of an arithmetically realizable action of a finite group G on the product of k copies of a finite set X. (By an arithmetically realizable action, we mean an action that can be realized as an action of the Galois group of a certain extension on the set of solutions of a system of polynomial equations defined over a number field.) We prove a general result and provide several concrete examples. As a by-product of our method, we also show that for an algebraic variety Y of dimension zero defined over the ring of integers of F, the corresponding arithmetic function N p (Y), defined on prime ideals p of F, has an asymptotic limiting distribution.
INTRODUCTION
Let A be a commutative algebraic group defined over a number field F. We let A[n] be the group of n-torsion points of A and F(A [n] ) be the field generated by adding the coordinates of A[n] to F. . Moreover, they showed that for commutative algebraic groups of dimension one other than G a , the value of M(A/F, n) is given by a divisor function. More precisely, it is known that a commutative algebraic group of dimension one over F is either the additive group G a , the multiplicative group G m , an algebraic torus of dimension one, or an elliptic curve. For G a we have M(G a /F, n) = 1. For other cases, the following assertions are proved in [ (ii) Let T denote a one-dimensional torus over Q. Then there is a positive constant C := C(T), depending only on T, such that for n with (n, C) = 1, one has M(T/Q, n) = d(n).
(iii) Assume that E is a non-CM elliptic curve defined over F. Then there is a positive constant C := C(E, F), depending only on E and F, such that for n with (n,
(iv) Assume that E is an elliptic curve defined over F which has complex multiplication by an order in an imaginary quadratic field K. Assume FK ∩ Q(ζ n ) = Q. Then there is a positive constant C := C(E, F, K), depending only on E, F, and K, such that for n with (n, 2C) = 1, one has [3] .
The proof of the first three parts of Theorem 1.1 can be unified and simplified considerably if one interprets the limit (1.1) as the number of the orbits of GL m (Z/nZ), the group of invertible m × m matrices with entries in Z/nZ, acting on the product of m copies of Z/nZ, when m = 1 or 2. In this direction, the following can be considered as a generalization of the underlying result in parts (i), (ii), and (iii) of Theorem 1.1. 
is the number field analogue of the divisor function.
In another direction, as a consequence of the results of this paper, we give a generalization of Theorem 1.1 by considering the k-th moment limit
Note that M k (G a /F, n) = 1. In order to state our result for other algebraic groups of dimension one, we need to introduce the following notation. For k ∈ Z ≥0 and n ∈ N, let
where µ is the Möbius function, and ϕ is the Euler function. Observe that for a, b ∈ N and integer k ≥ 0, by letting
can be considered as a generalization of the divisor function.
We have the following generalization of Theorem 1.1.
(ii) Let T be a one-dimensional torus defined over Q. Then there is a positive constant C := C(T), depending only on T, such that for n with (n,
(iii) Assume that E is a non-CM elliptic curve defined over F. Then there is a positive constant C := C(E, F), depending only on E and F, such that for square-free n with (n, C) = 1, we have
(iv) Assume that E is an elliptic curve defined over Q that has complex multiplication with O K . Then there is a positive constant C := C(E, K), depending only on E and K, such that for squarefree n with (n, 2C) = 1, we have
Remark 1.5. For k ≥ 3, the ℓ-factor in the product expression for M k (E/F, n) in part (iii) of the above theorem is a polynomial of degree 2k − 4 of ℓ with integral coefficients. For k = 1 (resp. k = 2), the ℓ-factor is 2 (resp. ℓ + 3). The ℓ-factor in part (iv) is a polynomial of degree 2k − 2 of ℓ with half-integral coefficients. Theorem 1.4, similar to Theorem 1.1, is intimately related to a group theory result. In order to describe the connection, we introduce a more general setup.
Let F denote the algebraic closure of a number field F. Let Y be an algebraic variety (affine or projective), given as the set of F-solutions of a finite family of polynomial equations E Y defined over the ring of integers O F of F. (If Y is projective, "polynomial equations" means "homogeneous polynomial equations" and "F p -solutions" means "projective F p -solutions".) For an unramified prime ideal p in the extension F(Y)/F, we let 
We now assume that Y has dimension zero (so it is finite) and let 
The above theorem can be considered as a generalization of a classical result due to Frobenius and Kronecker (see [16, p. 436] ).
Theorem 1.8 (Frobenius-Kronecker). For an irreducible polynomial f ∈ Z[x], we have
Indeed, let F = Q, Y = the set of solutions of f in Q, k = 1, and G = Gal(F(Y)/F) in Theorem 1.7. Then, observing that the action of the Galois group on the set of roots of f is transitive, we obtain Theorem 1.8 as a corollary of Theorem 1.7. Note that although the action of G on Y in Theorem 1.8 is transitive, the action on k ≥ 2 copies of Y is not transitive in general (see Proposition 1.12 (ii) for an example). Thus, determining M k (G, Y) appears to be a non-trivial problem for k ≥ 2, even when Y is defined by an irreducible polynomial.
As a direct consequence of Theorem 1.7, we establish the existence of an asymptotic distribution function for the arithmetic function N p (Y).
Corollary 1.9. Let Y be an algebraic variety of dimension zero defined over O F . Then the arithmetic function N p (Y) possesses an asymptotic distribution function. In other words, the sequence
H n (z) = #{p; N(p) ≤ n and N p (Y) ≤ z} π F (n) converges weakly to a distribution function H, as n → ∞. Moreover, for complex t-values |t| < 1, ϕ H (t) = lim n→∞ 1 π F (n) N(p)≤n e itN p (Y) = ∞ k=0 M k (G, Y) (it) k k! ,
where G = Gal(F(Y)/Y), and ϕ H (t) is the characteristic function of H.
We next describe that how Theorem 1.7 can be exploited to answer some pure group-theoretic questions. A fundamental question regarding the action of a group G on a set X is to determine the number of orbits in X under the action of G. Moreover, if the number of orbits in X under the action of G is known, one may further ask whether there exists a formula for M k (G, X), the number of orbits in k copies of X under the action of G. Indeed, both are deep questions. Here, we show that how Theorem 1.7 can be employed in computing M k (G, X). The following definition describes our setup.
Definition 1.10. An action of a finite group G on a finite set X is called "arithmetically realizable", if there is a number field F, a set Y of solutions of a finite family of equations defined over O F , a bijection ψ from X to Y, and a group isomorphism
Inspiring by this definition, we can rewrite Theorem 1.7 as the following. 
This formulation of Theorem 1.7 provides a line of approach in computing M k (G, X) for an arithmetically realizable action. Of course, more generally one can consider the problem of computing M k (G, X) for an action of a group G on a set X. In this generality, the problem appears to be difficult, and we refer the reader to Cameron's survey [1] for results regarding the computing M k (G, X) when the action of a permutation group G (finite or not) on a set X is oligomorphic (i.e., G has only finitely many orbits in X k for all k). Our purpose here is to demonstrate by some examples that for arithmetically realizable actions a number-theoretic approach via Theorem 1.7 and the Chebotarev density theorem might lead to computing M k (G, X). For instance, as a consequence of Propositions 1.12 and 1.13, we have the following explicit values for M k (G, X). (In all cases below, the actions are considered multiplicatively and in (ii)(c) also componentwise.).
× /{±1} and X = (Z/nZ)/ ∼, where the equivalence relation ∼ identifies a with −a in Z/nZ, we have
.
The proof of Theorem 1.11 relies on explicit computations of the moment limit in Theorem 1.7 for certain varieties Y via the prime number theorem in arithmetic progressions and more generally by the Chebotarev density theorem. We summarize these concrete evaluations in Propositions 1.12 and 1.13. In order to state these results, we need some notation.
For n ∈ N and integer a ∈ Z, let f n,a (x) := x n − a, and let
be the n-th Dickson polynomial. It is known that ζ i n +ζ
We have the following. (i) For k ∈ Z ≥0 , n ∈ N, we have
(ii) For k ∈ N, n ∈ N, we have
(iv) We have
More specifically, for k = 1, we have
We next let E be an elliptic curve defined over Z. For prime ℓ let E[ℓ] denote the group of ℓ-torsion points of E. The following assertions hold.
(ii) Let E have complex multiplication with O K , the ring of integers of an imaginary quadratic field K. For a fixed odd prime ℓ, assume that
, In the rest of the paper we prove our results. The structure of the paper is as follows. In Section 2 we give a proof of Theorem 1.3. Section 3 provides a proof of our general result, Theorem 1.7, and Corollary 1.9. In Section 4, we compute some concrete examples of the k-th moment in Theorem 1.7 by appealing to the prime number theorem in arithmetic progressions and the Chebotarev density theorem (Propositions 1.12 and 1.13). Combining the results proved in Sections 3 and 4, in Section 5, by proving Theorem 1.11, we compute the number of orbits of certain finite groups acting on product of k copies of certain finite sets. Finally, in Section 6, by applying the group-theoretic results proved in Section 5 and also Proposition 1.13 (ii), we prove Theorem 1.4.
PROOF OF THEOREM 1.3
Proof. We first give a proof for L = Q and then we show how the proof can be adjusted to the case of a number field L of class number one. We let M m×1 (Z/nZ) be the collection of m × 1 column vectors with entries in Z/nZ.
For r | n, a positive divisor r of n, the orbit of r = r 0 . . . 0 Next we note that the two elements Ar and Br in r are equal if and only if (n/r) | a i1 − b i1 for 1 ≤ i ≤ m. Since the map sending A ∈ GL m (Z/nZ) to A ∈ GL m (Z/(n/r)Z) is onto, then for r n with r | n the cardinality of r is
. . .
For r = n, we have r = 1, and so we define Ψ(1) = 1. Observe that, for a prime p, since the p m − 1 possibilities for the first column of matrices in GL m (Z/pZ) lift to (p
Since Ψ is multiplicative, in order to show this, it would suffice to show it for n = p α , a prime power. We have
Now since r|n Ψ(n/r) = n m , we conclude that the sets r as r varies over distinct divisors of n form a partition of (Z/nZ) m , and thus the number of orbits is equal to d(n). Next, for a number field L of class number one, we note that for any integral ideal r | (n) of O L , we may choose a representative r so that r = (r). To process the argument as the case L = Q, it suffices to note that if r ′ = ur for some unit u ∈ O L , there is a matrix A ∈ GL m (O L /nO L ) whose . This, in particular, implies that Now we are in a position to prove Theorem 1.7.
Proof of Theorem 1.7. Write L = F(Y).
Let p denote an unramified prime in L/F, and let P be a prime above p. For any prime p (resp., P) of F (resp., L), we let S Y,p (resp., S Y,P ) denote the set of solutions of E Y (mod p) (resp. E Y (mod P)) in the residue field O F /p (resp., O L /P).
For any prime P | p, we write Frob P for the generator of Gal(
where the last quantity is independent of the choice of P. Now let σ P be the lift of Frob P to Gal(F(Y)/F) and σ p = {σ P ; P | p} be the Artin symbol at p. 
the Chebotarev density theorem yields that
We note that χ k (g) is the number of points in Y × · · · × Y, the k copies of Y, fixed by g. Thus, we can rewrite the sum on the right of (3.1) as
Now we conclude the proof by applying Burnside's lemma that asserts that the above average is the number of orbits of G in the k copies of Y.
Proof of Corollary 1.9. The proof follows the method of moments as described on pages 59-61 of [6] . We observe that by Theorem 1.7 we have
Thus, for complex t-values |t| < 1, the series 
which, by the Möbius inversion, is
Now by the prime number theorem for arithmetic progressions, the last inner sum is asymptotic to 1 ϕ(de) π(x), as x → ∞, which completes the proof.
(ii) We may assume that (p, na) = 1. In particular, all summations below (and also in (iii)) are over primes p with (p, na) = 1.
It is known that N p ( f n,a ) 0 if and only if
Again, the Möbius inversion yields
Now we analyse the last inner sum in (4.1). For d = 1, the sum is equal to (iii) It suffices to note that the sum is, in fact, equal to
(iv) By [4, Theorem 4], we know that
and hence we have
Note that the inner sum on the right is
Thus, by the Möbius inversion, we have
1.
Finally, noticing that the last inner sum is empty if (d 1 e 1 , d 2 e 2 ) > 2, we apply the Chinese remainder theorem and the prime number theorem for arithmetic progressions to conclude the proof.
Proof of Proposition 1.13. During the proof we assume that p ≥ 5 is a prime such that p ∤ ℓN E , where N E is the conductor of E. Table 12 .4]), it may be computed that the number of elements of such forms in GL 2 (F ℓ ) is ℓ 3 − 2ℓ − 1. (Indeed, the "unipotent" instance in (4.5) contributes ℓ 2 − 1 conjugate elements, and the "rational not central" instances in (4.5) contribute (ℓ − 2)(ℓ 2 + ℓ) elements.) Let π E (x; ℓ, i) for 0 ≤ i ≤ 2 be defined as
The above discussion, together with the Chebotarev density theorem and the fact that by our
Hence, as x → ∞,
Clearly, it follows from (4.6) that
Therefore,
(ii) We have
It is known that if p is inert or ramifies in K, then p is supersingular ( [9, p. 182 
It follows from the definition that (4.10) 
The above asymptotic formula together with applications of the Chebotarev density theorem and the fact that
as x → ∞, where the densities δ s 0 (ℓ) and δ s 1 (ℓ) exist following the discussion at the beginning of (i). Hence, from (4.10) with k = 0, we have
Also, from (4.10) with k = 1, we have
For a splitting prime p,
A similar identity holds by replacing π p withπ p . Thus,
From this and the fact that π(x) ∼ π K (x), as x → ∞, we obtain
We know that K has class number 1 (see [19, 
is the divisor function for the number field K. Applying this value in (4.13) yields (4.14) δ
Solving the system of equations (4.12) and (4.14) yields
Employing these values in (4.11) together with (4.10), (4.9), and (4.8) yield the result.
PROOF OF THEOREM 1.11
Proof. (i) Let F = Q and Y = {ζ i n ; i = 1, . . . , n} be the set of zeros of the polynomial f n,1 (x) = x n − 1 in Q, where ζ n denotes a primitive n-th root of unity. Consider the bijection ψ : X = Z/nZ → Y, where ψ(i) = ζ i n and note that φ :
n , is a group isomorphism. Thus, from Theorem 1.7 and Proposition 1.12 (i) we have
(ii) Let a be a square-free positive integer if n is odd, and let a be a square-free positive integer such that a ∤ n if n is even. Let the number a 1/n be a real solution of the equation x n − a = 0. [15] , there exists a constant C such that for (ℓ, C) = 1, we have Gal(F(E[ℓ])/F) ≃ GL 2 (Z/ℓZ). Thus, applying (6.1) together with Theorem 1.11 (iv) completes the proof.
(iv) The proof follows along the same lines as (iii) via employing Deuring's theorem [5] on the image of Gal(K(E[n])/K) and Proposition 1.13 (ii).
